We show that Wehler K3 surfaces with Picard number three, which are the focus of the previous paper by Arthur Baragar, do indeed exist over the rational numbers.
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In this note we show that the Wehler K3 surfaces that are the focus of the previous paper [Bar11] do indeed exist over the rational numbers. In other words, we show that there exist smooth surfaces
Q given by a (1, 1)-form and a (2, 2)-form, whose Picard group has rank 3 and is generated by divisors D 1 , D 2 , and D 3 , where D i is the pull-back to V of a line in the i-th copy of P 2 for i = 1 and 2, and D 3 is the product of a line in one of the two copies of P 2 and a point in the other. We use the technique of [vL07] , to which we refer for any details. where we use
As before, the projections of V to the two factors P 2 give morphisms π 1 : V → P 2 (x, y, z) and π 2 :
Note that Q is written as the sum of seven terms, each of which is divisible by x, r, or s. The same holds for L (with three terms). This implies that V contains the line D 3 given by x = r = s = 0, which satisfies π
denote the base extension of this line to several fields.
denote the reduction of V modulo p. Checking sufficiently many affine charts, it is easy to check that V p is smooth for p = 2 and p = 3, which implies that V p is a K3 surface; its Néron-Severi group NS V p is isomorphic to its Picard group Pic V p .
Modulo 2 the quadric Q 1 is divisible by q, so the first two terms of Q are. Since Q 2 , . . . , Q 6 do not contain a term x 2 , this implies that V 2 contains the line C 2 given by y = z = q = 0, which satisfies
Modulo 3 the quadric Q 2 is divisible by y. All terms of Q other than Q 2 r 2 are contained in the ideal generated by q and s. We conclude that V 3 contains the line C 3 given by y = q = s = 0, which satisfies π −1 2 (S) = C 3 . As before, abusing notation, we let D 3 , C 2 , C 3 denote both the curves they stand for and the divisor classes that these represent. For p ∈ {2, 3}, let Λ p denote the subgroup of Pic V p generated by 
of Q l -vectorspaces that respects the Galois action by Gal(
induced by the absolute Frobenius acting on V p . Since some power of Frobenius acts as the identity on Pic V p , it follows that the dimension of (Pic V p ) ⊗ Q l is bounded from above by the number of eigenvalues of Φ p (1) that are roots of unity. In fact, by lifting V 2 to any Wehler K3 surface over Z containing both D 3 and the line C 2 given by y = z = q = 0, we find that the same holds with 3 replaced by 4. By lifting V 3 to any Wehler K3 surface over Z containing both D 3 and the line C 3 given by y = q = s = 0, we obtain the same for a second component of the moduli space of K3 surfaces with Picard number at least 4.
